This paper is about certain linear subspaces of Banach SN spaces (that is to say Banach spaces which have a symmetric nonexpansive linear map into their dual spaces). We apply our results to monotone linear subspaces of the product of a Banach space and its dual. In this paper, we establish several new results and also give improved proofs of some known ones in both the general and the special contexts.
Introduction
This paper is a sequel to [14] , in which we developed the theory of Banach SN spaces (that is to say Banach spaces which have a symmetric nonexpansive linear map into their dual spaces) and "L-positive" sets, and applied it to a number of results about monotone linear subspaces of the product of a Banach space and its dual. Banach SN spaces, L-positive sets and Banach SN duals are defined formally in Sections 3 and 4.
Section 5 is about closed linear L-positive subspaces of those Banach SN spaces that possess Banach SN duals. The basic technical result of this paper is Lemma 5.5. The novelty of our proof is that we use a penalty function of the form 2η · rather than 
·
2 . This not only produces significantly sharper results, but also leads to simpler proofs than those previously given for results of this kind. We actually use two special cases of Lemma 5.5: Corollary 5.6 and Corollary 5.7.
The most important consequences of Lemma 5.5 are Theorem 5.9 and Corollary 5.11. In Remarks 5.8 and 5.10, we give details of the connections between these results and those already proved in [14] .
The results on monotone subspaces in Theorem 6.4, Corollary 6.6 and Corollary 6.7 all have one-line proofs using the corresponding results on Banach SN spaces, and these latter results have much simpler proofs that those that we have seen in the literature in the monotone case. In Theorem 6.4 we establish the following result on "automatic maximality", which we have not seen in the literature: Let A be a closed linear monotone subspace of product of a real Banach space with its dual, and the adjoint subspace of A be monotone. Then A and its adjoint are both maximally monotone in their respective spaces. Theorem 6.4 and Corollary 6.6 are discussed in Remark 6.5.
The motivating result behind this analysis is the classical Brezis-Browder theorem (see [2] ): Let A be a closed linear monotone subspace of the product of a reflexive real Banach space with its dual space. Then the adjoint subspace of A is monotone if, and only if, A is maximally monotone. This was generalized by Bauschke, Borwein, Wang and Yao (see [3] and [5] ): If A is a closed linear monotone subspace of the product of a real Banach space with its dual space then the adjoint subspace of A is monotone if, and only if, A is maximally monotone of type (NI). See Corollary 6.6 for our generalization of this and Corollary 6.7 for a proof of the original Brezis-Browder theorem. Lemma 2.2. Let Y be a linear subspace of a real Banach space X and x * ∈ X * . Write Z for the linear subspace x ∈ X: x, x
We now come to the more interesting case, where Y ⊂ Z. Let z * be an arbitrary element of (Y ∩ Z) 0 . We fix x ∈ Y \ Z, from which x, x * = 0. Let y be an arbitrary element of Y , and define
Since y, x ∈ Y , it follows that z ∈ Y . Since
This completes the proof of Lemma 2.2.
Banach SN spaces
We now introduce Banach SN spaces these were called Banach SNL spaces in [14] and L-positive sets [14, Section 2, pp. 604-606] . 
A Banach SN space (B, L) is a nonzero real Banach space B together with a SN map
and so q L is continuous on B.
Now let (B, L) be a Banach SN space and
and A is not properly contained in any other L-positive set. In this case,
There are many examples of Banach SN spaces and their associated L-positive sets. The following are derived from [13 [7] . The significant example which leads to results on monotonicity appeared in [13, Example 6.5, p. 245]. We will return to it here in Example 6.1. 
is a L-positive subset of B which is not contained in a set M × R for any monotone subset of R × R. The helix (cos θ, sin θ, θ): θ ∈ R is a L-positive subset of B, but if 0 < λ < 1 then the helix (cos θ, sin θ, λθ): θ ∈ R is not. Proof. Let C := lin b, A and c ∈ C. Then there exist λ ∈ R and a ∈ A such that
This is equivalent to the definition introduced in [14, Eq. (5) We suppose from now on that (B, L) is a Banach SN space with a Banach SN dual B * , L . We note then from (5) that,
We will use the following result in Corollary 5.12.
Proof. Let c * ∈ B * , and b ∈ B be chosen so that Lb = c * . Then, from (6) and (4),
In order to simplify notation in what follows, we will write Λ := − L, so B * , Λ is also a Banach SN space. We note then from (5) and (6) that
and 
We now give a result on the existence of "almost horizontal" subtangents:
Proof. For the rest of this section, we shall suppose that A is a closed linear L-positive subspace of B and d ∈ B. We define the functions q
is proper and convex and
Proof. See [14, Lemmas 5.1 and 5.2, p. 609].
The following result is well known:
Remark 5.4. The technical result that follows is the central result of this paper. At this time, we point out that the main difference between it and its antecedent, [14, Theorem 5.3(a), pp. 609-610], is that we use a penalty function of the form 2η · rather than 
Proof. Let g be as in Lemma 5.3, and write f := q (8) and (7),
which gives the required result. Thus we can and will suppose that inf 
Lemmas 5.2 and 5.3 imply that
Using (9), (10) and the facts that b, d
Thus, combining with (7),
From (9) again, a * − c
From the Λ-positivity of A 0 , (10), (11) and (12),
This completes the proof of Lemma 5.5.
In fact, we will not need Lemma 5.5 in full generality. We will need the following two special cases: Corollary 5.6 is obtained by setting c * = 0 and noting from (8) 
Proof. 
Since this holds for all η > 0 and A is closed, d ∈ A. This completes the proof that A is maximally L-positive. 
The result now follows by letting η → 0. (14) and (13)=⇒ (16), which are true without any additional conditions. As pointed out in Remark 5.8, in [14] , we assumed the additional condition that, for all d
for the first implication, and we did not establish the second implication. A 0 is Λ-positive.
A is maximally L-positive and, for all c
For all c
A 0 is maximally Λ-positive.
Proof. It is clear from Theorem 5.9(a,c) that (13)=⇒ (14) , and it is obvious that (14)=⇒ (15) . If (15) is true then, for all c * ∈ A 0 , (5) and (6) imply that
Since inf a∈A q L (a) ≥ 0, it follows that q L (c * ) ≤ 0, from which q Λ (c * ) ≥ 0, and the linearity of A 0 gives (13) . Thus (13)- (15) are equivalent. Clearly, (16)=⇒ (13), and the reverse implication is immediate from Theorem 5.9(b). 
Monotone sets, type (NI) and linear monotone subspaces
We suppose in this section that E is a nonzero Banach space.
A is L-positive exactly when A is a nonempty monotone subset of B in the usual sense, and A is maximally L-positive exactly when A is a maximally monotone subset of B in the usual sense. We point out that any finite dimensional Banach SN space of the form described here must have even dimension, and that there are many Banach SN spaces of finite odd dimension with Banach SN duals. See [13, Remark 6.7, p. 246] .
As usual, the dual norm on B * = E * ×E * * is given by (y * , y * * ) := y * 2 + y * * 2 . By analogy with the analysis above, we define L: B * → B * * by L(y * , y * * ) = y * * , y * . Then B * , L is a Banach SN space, and, for all (y * , y (5) is satisfied, and so B * , L is a Banach SN dual of (B, L). As in the general case, we define Λ(y * , y * * ) := − L(y * , y * * ) = − y * * , y * . Corollary 6.6. Let A be a closed linear monotone subspace of E × E * . Then the four conditions below are equivalent.
A
T is a monotone subspace of E * * × E * .
A is maximally monotone of type (NI).
A is of type (NI).
A T is a maximally monotone subspace of E * * × E * .
Proof. This is immediate from Corollary 5.11 and Lemma 6.3. Corollary 6.7. Let E be reflexive and A be a closed linear monotone subspace of E × E * . Then A is maximally monotone if, and only if, A T is monotone.
Proof. This follows from Corollary 5.12 and the comments in Example 6.1.
